The geometry of optical lattices can be engineered allowing the study of atomic transport along paths arranged in patterns that are otherwise difficult to probe in the solid state. A question readily accessible to atomic systems is related to the speed of propagation of matter-waves as a function of the lattice geometry. To address this issue, we have investigated theoretically the quantum transport of non-interacting and weakly-interacting ultracold fermionic atoms in several 2D optical lattice geometries. We find that the triangular lattice has a higher propagation velocity compared to the square lattice, despite supporting longer paths. The body-centered square lattice has even longer paths, nonetheless the propagation velocity is yet faster. This apparent paradox arises from the mixing of the momentum states which leads to different group velocities in quantum systems. Standard band theory provides an explanation and allows for a systematic way to search and design systems with controllable matter-wave propagation. Moreover, the presence of a flat band such as in a two-leg ladder geometry leads to a dynamical density discontinuity, which contrasts the behavior of mobile and localized atoms in quantum transport. Our predictions are realizable with present experimental capability. Introduction -Variational calculus leads to the conclusion that the shortest distance a free classical particle follows between two points is a geodesic [1] . Is this also true for quantum particles? As expected the answer is not trivial. For instance, in the studies of quantum dynamics of magnetic domains, it has been found that interesting patterns emerge [2] , and an analogue of a quantum-mechanical "forest fire propagation" has been realized [3] . Moreover, when the classical random-walk problem is promoted to a quantum one, the dynamics is no longer diffusive and the object spreads faster (see [4] and references therein). Therefore, quantum effects can alter the dynamics in a fundamental way. The detection of such unusual behavior can be, however, difficult in the solid state mainly for a lack of proper tools to directly observe the propagation fronts in time.
Introduction -Variational calculus leads to the conclusion that the shortest distance a free classical particle follows between two points is a geodesic [1] . Is this also true for quantum particles? As expected the answer is not trivial. For instance, in the studies of quantum dynamics of magnetic domains, it has been found that interesting patterns emerge [2] , and an analogue of a quantum-mechanical "forest fire propagation" has been realized [3] . Moreover, when the classical random-walk problem is promoted to a quantum one, the dynamics is no longer diffusive and the object spreads faster (see [4] and references therein). Therefore, quantum effects can alter the dynamics in a fundamental way. The detection of such unusual behavior can be, however, difficult in the solid state mainly for a lack of proper tools to directly observe the propagation fronts in time.
Quantum systems that allow for such direct measurements are ultracold atoms in engineered optical lattices, where many interesting 2D lattice geometries, including square, triangle, honeycomb, kagome, have been fabricated [5] [6] [7] [8] [9] . These systems have been shown to be versatile quantum simulators of complex many-body systems [10] [11] [12] [13] because of the wide selections of atomic species and tunable parameters such as interactions or trapping potentials. Recent advances in tuning the parameters in a time-dependent fashion opens up opportunities for studying nonequilibrium physics, particularly transport phenomena [14] [15] [16] [17] . Importantly, while the Fermi velocity, v F , of electrons of typical metals such as copper is on the order of 10 6 m/s, in cold-atom systems v F is on the order of 10 −3 m/s [18] . Such a slow motion of cold atoms then allows detailed analyses of their dynamics.
Transport of fermions is of particular interest because of its connections to electronic transport in nanoscale and mesoscopic systems [17, 19, 20] . For instance, when ultracold fermions are driven out of equilibrium in a one-dimensional optical lattice, a quasi-steady state current with a constant magnitude for a period of time emerges, which is the precursor of the steady-state current (in the thermodynamic limit) found in biased solid-state systems [21, 22] . Quasi-steady-state currents have also been found to survive in two-dimensional systems [23] . Interestingly, this quasi-steady state persists also in the absence of particle interactions, a fact not easily verifiable in the solid state, while the presence of strong interactions can change the transport from ballistic to diffusive [24] .
Since a mass current of cold atoms corresponds to a traveling matter wave, it is interesting to clarify how fast the wavefront propagates, and how its speed can be controlled, thus providing an answer to the question we have posited at the beginning. We have employed noninteracting and weaklyinteracting fermions in various optical lattice geometries to address this issue. Surprisingly, quantum matter waves can be accelerated by adding longer paths, which is not possible for classical particles. Using band theory in the thermodynamic limit, we found that interference of matter waves plays a key role in the atom dynamics. This theory also provides guidance for finding lattice geometries with faster matter-wave propagation. Including a weak repulsive interaction at the meanfield level does not change the conclusions qualitatively.
We also note that certain lattice geometries can support flat bands, which refer to a special class of dispersionless bands (see Ref. [25] and references therein). For example, the kagome lattice can support a flat band and can be realized in optical lattices [9] . The particles residing on a flat band do not possess kinetic energy and as a consequence, they do not participate directly to transport and lead to interesting phenomena. For instance, a dynamically generated flat-band insulator sustaining a density discontinuity has been predicted in optical kagome lattices [23] . We find transport features similar to this flat band effect in a two-leg ladder, and discuss its possible experimental realization. Such examples suggest that not only the mobile properties but also interesting insulating ones could be explored using cold atoms in engineered lattice potentials. In addition, the zig-zag lattice provides an opporarXiv:1502.04975v1 [cond-mat.quant-gas] 17 Feb 2015 tunity to explore rich physics related to frustrations in optical lattice systems [26] . One important feature of the zig-zag lattice is that the roles of the nearest neighbors and the next nearest neighbors can be switched by tuning the coupling or lattice parameters. We explore the same idea in transport by considering noninteracting fermions in a zig-zag lattice with tunable tunneling coefficients. Counter-intuitively, again the configuration with the shortest path does not lead to the fastest matter-wave propagation, and a maximal velocity emerges as the relative tunneling coefficients are tuned continuously.
Theoretical background -To highlight interesting geometrical effects on quantum transport, we consider three types of 2D lattices illustrated in Figure 1 . They are the square, triangular, and body-centered square (bcs) lattices. The bcs lattice is the 2D version of the body-centered cubic lattice in 3D [27] , where two square lattices (labeled as A and B) intercalate in a body-centered fashion. In Fig. 1 the bcs lattice has been properly rotated so that a direct comparison to the other two lattices can be made. The bcs lattice is essentially equivalent to the checkerboard lattice demonstrated in Ref. [8] . In our discussion the relative link strengths should be tunable and a possible experimental realization may use bilayered lattices as shown in Fig. 1(e) . The lattice constant a is chosen to be the same for all the three lattices and serves as the unit of length.
For noninteracting single-component fermions in a moderate lattice potential, the system may be modeled by a tightbinding Hamiltonian of the form [28] 
where ij denotes a pair of sites connected by a link, c i (c † i ) annihilates (creates) a fermion at site i, andt ij is the hopping coefficient. For a uniform lattice witht ij =t, the unit of time is defined as t 0 = /t. We set = 1 and assume that there are L x (L y ) lattice sites along the horizontal (vertical) direction. Recently developed box potentials [29] make it practical to study homogeneous properties in cold-atom systems. Moreover, a weak background harmonic potential does not change transport properties qualitatively [21] . Therefore, we will focus on the intrinsic transport phenomena in a homogeneous system with open boundary conditions, and employ the microcanonical picture of transport which is ideally suited for closed finite systems [21, 30] .
The initial condition is similar to that in Ref. [22] , where the system is separated into two regions (left and right) by a laser sheet, and fermions are only loaded to the left, as illustrated in Fig. 1 . We first consider single-species fermions and the left half is a band insulator with one fermion per site. At time t = 0 the optical barrier is lifted and the fermions start to propagate to the right. The full quantum dynamics of noninteracting fermions can be monitored by the single particle correlation matrix defined by its elements C ij (t) = c † i (t)c j (t) [21] and from this we compute the density on site i, n i (t) = C ii (t).
The equations of motion for C ij (t) can be obtained via
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A Here ∆ denotes the vector to the other side of a link. The equation of motion was evaluated numerically using the fourth-order Runge-Kutta method [31] . The initial correlation matrix was set up with one particle located at each site on the left half of the lattice. We have calibrated the numerical procedure using known exact solutions.
In the thermodynamic limit of infinitely large lattices, the results should agree with band theory [27] . By implementing the lattice version of the Fourier transform, the Hamiltonian becomes
Here c k (c † k ) is the annihilation (creation) operator in momentum space. The dispersion k can be exactly solved for noninteracting fermions. Importantly, the semiclassical group velocity is given by [27] 
This semiclassical prediction will be compared to the fully quantum mechanical results of matter-wave propagation.
Result and discussion -We first consider uniform lattices where all hopping coefficients are equal:t ij =t. The time it takes for a particle to tunnel through one link is roughly t 0 /2, which can be estimated from the exact result of a small lattice or from numerical simulations. By treating atoms as classical objects in Fig. 1 , one may look for the shortest path from the initial boundary of the filled region (L x /2 in the setup) to the right boundary of the empty region (L x ). Assuming the length of the shortest path is L s , the time it takes for the matter wave to reach the far right boundary may be estimated as L s t 0 /2 because a particle has to hop L s sites.
Adding diagonal links to the lattice only creates longer paths and does not reduce the shortest path. Therefore classical predictions for the time it takes for the matter waves to reach the far right boundary should be the same for the three lattice geometries shown in Fig. 1 . . At t = 0 the left half is filled and the right half is empty. A straight line emanating from L x /2 at t = 0 towards L x corresponds to a wavefront propagating at a constant speed. There is a corresponding wave propagating in the opposite direction, and those wavefronts form a light-cone structure [17] .
What is surprising is that the wavefront speed, which is inversely proportional to the time it takes to reach the right boundary (L x ), increases as more diagonal links are added to the lattice. The full quantum dynamics thus claims that adding longer paths may boost matter-wave propagation in lattices, which is unexpected from classical physics. Even more puzzling is that for the case of the bcs lattice with L x = 200 and L y = 2, about half of the particles stay on the left half, and this causes a density discontinuity at L x /2, which is visible on Figure 2(c) . In contrast, for the bcs lattice with L x = 200 and L y = 3 no density discontinuity can be observed.
By analyzingn as a function of t and estimating the time t * it takes for the matter wave to reach L x as the time whenn reaches 0.05, we extract the velocity v = (L x /2)/t * for the three types of lattices shown in Fig. 1 as a function of L y with L x = 200 and present the data in Figure 3 (a) . The details of n for selected cases are shown in Figure 3 (b1) and (b2) .
Band theory -This geometry-dependent propagation velocity can be accounted for by the standard band theory for fermions [27] . For an infinitely large 2D uniform square lattice, the energy of the lowest band is (k = (k x , k y )) The semiclassical velocity in the x-direction is
Thus the maximal velocity is 2t, which is consistent with the numerical simulations for the square lattice. Since k x and k y are decoupled, the result is independent of k y so the maximal velocity already reaches the band-theory prediction when L y = 2, as shown in Fig. 3 (a) . For the triangular lattice, the energy of the lowest band is
The corresponding velocity is
Unlike the square lattice, however, an important feature for this case is that k x and k y are mixed in the expressions. The maximal velocity is 2t(1 + √ 2/2), which is larger than that in the square lattice. This k y dependence also suggests that the L y dependence will be more significant. Indeed, Fig. 3 (a) shows a stronger L y dependence of the wavefront propagation velocity for the triangular lattice.
For the bcs lattice, we first consider the infinite 2D lattice and defer the discussion of the special case of L y = 2 to later. Since there are two intercalated sublattices (A and B), the energy band will split into two bands while the size of the first Brillouin zone is only half when compared to the previous two cases. The energy dispersion is
Here g(k) = 1 + 4 cos(k x ) cos(k y ) + 4 cos 2 (k x ). The velocity is
. (10) A plot of the two bands at k y = π/a is shown in Figure 4 . The two bands touch at four points in the first Brillouin zone so the system remains conducting for any filling less than the band insulator. The maximal velocity for the bcs lattice is 6t.
As shown in Fig. 3 , the wavefront velocity of the bcs lattice approaches the maximal velocity as L y increases, but the convergence is slower when compared to the previous two cases. As shown in Fig. 2 , there are many trailing wakes behind the first wavefront in the bcs lattice case and they are byproducts of the more complex dispersion (9) . As a consequence, the average densityn of the bcs lattice rises less abruptly when compared to the other cases as shown in Fig. 3 (b1) and (b2) . By estimating the velocity from the time whenn rises above 0.05, an underestimation is in place. This can be improved by choosing a lower threshold ofn, although it would require more precise experiments before the low-density result can be verified.
We mention that the honeycomb lattice, when the zig-zag side is placed along the horizontal direction, can be viewed as a deformed square lattice with alternating missing vertical links. In this case, the wavefront propagation velocity from the band theory and simulations are both identical to that of the square lattice when geometrical factors are properly considered.
Flat band effects -We now turn to the reason behind the density jump of the two-leg bcs lattice ladder observed in Fig. 2 . When L y = 2, the Hamiltonian can also be diagonalized and the energy bands are
The two bands are shown in Fig. 4(b) . One important feature is that half of each band is flat, i.e., dispersionless. Moreover, the two halves of the flat parts are at the same energy level so they form a flat line across the whole Brillouin zone. The particles on those two flat segments have localized spatial patterns so they are not mobile. In the presence of a chemical potential difference caused by the initial density difference, mobile atoms on the curved part of the dispersions are driven to the initially vacuum region. The atoms on the flat-band regions, in contrast, remain in the initially filled region. By counting the number of energy states it can be shown that the flat-band states account for half of the total states. Therefore, the static property of the localized flat-band states is the reason for the density jump. By inspecting the particle density profiles at different time slots, we have verified that the density jump never drops below 1/2 as the wavefront propagates to the right. Such a flat-band induced dynamical density discontinuity may be generic in cold-atom systems. For instance, the kagome lattice has one flat band in its lowest three bands and quantum dynamics show that a density jump of magnitude 1/3 emerges as particles flow from an initially filled region into an initially empty region [23] . There is, however, a subtle difference between the flat band of the kagome lattice and that of the two-leg bcs lattice. The former is a complete energy band, while the latter consists of two flat parts from the two energy bands. Nevertheless, their role in transport is identical. While demonstrating such a dynamical density discontinuity is straightforward in cold-atoms systems, in conventional condensed matter depleting mobile electrons completely can be very challenging and observing this phenomenon can be a daunting task.
A few remarks on the two-leg bcs lattice ladder are worth mentioning. First, the existence of the flat band depends crucially on the condition of uniform tunneling coefficients. If the diagonal links have a different tunneling coefficientt , the bands starts to curve and there is no longer a flat band. We have tested the case fort <t and confirmed that the density jump is no longer observable. The results look very similar to Fig. 2 (d) . Secondly, in the presence of magnetic flux penetrating the ladder, the dispersion exhibits additional interesting features and the system is known as the Creutz ladder [32, 33] . Here, we focus only on geometrical effects on transport.
Weak interactions -Transport behavior can be altered by introducing strong interactions as demonstrated in Ref. [24] . In the presence of interaction, however, band theory has limited applicability and full numerical simulations are usually required. A lack of efficient numerical methods for studying 2D interacting systems makes a full discussion of interaction effects out of the scope of this work. Here we only demonstrate that in the presence of weak interactions which may be treated in the mean-field approximation, the geometrical effects are still observable and our conclusions still hold. We consider two-component fermions labeled by spins σ =↑, ↓, which may be different species of atoms or the same atoms in two different internal states. For contact interactions common in cold atoms, the system may be described by the Hubbard model [28] H int = σ H σ + U in i↑ni↓ , wherê n iσ = c † iσ c iσ and U is the onsite repulsion coupling constant. The equations of motion for the Hubbard model cannot be solved analytically due to the presence of multiparticle correlations. Here, we follow Ref. [22] and imple- Experimental implications -Here we discuss possible realizations and applications of this work. The optical square and triangular lattices have been demonstrated [6] [7] [8] [9] and geometrical effects on transport should be observable on those lattices. The bcs lattice is similar to the checkerboard lattice of Ref. [8] . However, due to the in-plane geometry, the diagonal tunneling (A-A or B-B) is expected to be weaker than the nearest-neighbor tunneling (A-B). A bcs lattice with a tunable ratio between those two tunneling coefficients may be created by bilayer square lattices illustrated in Figure 1 (e), which is similar to those discussed in Ref. [34] . By adjusting either the lattice depth on each sheet or the distance between the two sheets, the relative strength of the two tunneling coefficients can be tuned. Bilayer optical lattices have been discussed and experimentally realized for the honeycomb lattice as an analogue of graphene [35, 36] . To realize two-leg ladders, a tight background harmonic trap or laser sheets [29] for confining the atoms in a narrow transverse region may also be needed. As the geometry and tunneling coefficients change, the energy dispersion as well as the group velocity of the fermions change accordingly. In this way controlling the matter-wave propagation velocity can be performed in a systematic manner.
We end our discussion of geometrical effects on matterwave propagation by discussing a possible application in the zig-zag lattice optical lattice [26] , which is basically a two-leg ladder of the triangular lattice as shown in the inset of Figure 5 . The hopping coefficient along the horizontal direction ist and that along the diagonal ist , and the ratio between them is assumed to be continuously tunable. The initial condition is identical to the previous cases with the left half of the lattice being a band insulator and the right half being empty, as illustrated in Fig. 5 . Whent = 0 andt gives the time scale t 0 , the two legs decouple and it takes L x t 0 /4 for the matter wave to reach the far right boundary. In the opposite limit whent = 0 andt gives the time scale t 0 , it takes L x t 0 /2 because the particle has to traverse twice the distance to reach the far right boundary. The velocities are thus 2/t 0 and 1/t 0 for the two limits. Again a classical picture may lead us to expect that the velocity for the case with finitet andt should be in between the two limits. Figure 5 shows the velocity for selected values oft/t and t /t. We chose the quantity in the denominator to give the same tunneling time scale t 0 to guarantee a fair comparison. Importantly, a maximal velocity about 2.7/t 0 appears whent =t , which may be thought of as the most frustrated point because tunneling into a nearest neighbor and tunneling into a next-nearest neighbor take the same amount of time. The mechanism behind this velocity enhancement is again the change in the energy dispersion due to the mixing of different momentum states.
By tuning the relative weights of the tunneling coefficients, a zig-zag optical lattice may serve as an atomic "bicycle gearing" for changing the speed of atoms passing through it. An experimental set up has been proposed for the zig zag lattice by superpositioning a triangular lattice and a strong optical superlattice [37, 38] . Applications similar to those discussed here may be relevant to information transfer in quantum systems. The group velocity of an electromagnetic wave determines how fast information can be transferred by the wave. Our results provide a way to control the group velocity of matter waves by geometrical effects, which could lead to control of the speed of information transferred by massive quantum particles.
Conclusions -We have explored nontrivial geometrical effects on quantum transport of cold atoms. In stark contrast to classical particles, adding additional longer paths can change the energy dispersion and significantly accelerate matter-wave propagation. With the assistance of band theory, searching and implementing lattice geometries for controlling transport can be performed efficiently. Moreover, insulating phases sustaining a density difference is a generic feature for lattice geometries supporting a flat band, and the different roles of mobile and localized atoms in quantum transport have been elucidated.
Optimal designs of lattice geometries for controlling and regulating quantum transport of cold atoms contribute useful elements to the thriving field of atomtronics [39, 40] for simulating or complementing electronics by using cold atoms in optical lattices. The feasibility of tuning matter-wave propagation using geometrical effects may also find applications in quantum quench dynamics [14, 41] . Moreover, this study also applies to recently developed scalable superconducting-circuit
